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The history of the derivations of relativistic space-time transformations is reviewed. Starting with Voigt in 1887, the key
assumption was that the speed of light is the same for all observers independent of their state of motion and that of the light
source. The fact that fundamentally different transformations have been deduced on this basis can be traced to distinctions
that were imposed by their respective authors regarding the relationship between space and time variables. It is pointed out
that the same velocity transformation can be derived from each of them by simply dividing each set of spatial variables by
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Introduction

inconsistent with one of the sacred tenets of the time, the
Galilean space-time transformation. For example, it was

Experiment ied out in the 19th century indicated
XPEriments cartied out 1n He centuty indicate strongly held that if a car travels at a speed v of 60 km/h

something quite unexpected about the speed of light. ) ) ) L .
£ 1 P P & while a train moves in the same direction with a speed of

90 km/h, an observer in the car would find that the train
was only moving at 30 km/h. In short, velocities were

Michelson and Morley [1] used an interferometer to show,
for example, that the speed of light in free space c is the

same in all directions, independent of the velocity of the . . .. i )
. . ; strictly additive in the prevailing view. Yet, the light-speed
earth at any time during the year. Before that in 1865, ) g . )
T ) o measurements led instead to the "shocking" conclusion that
Maxwell in his formulation of the theory of electricity and

magnetism concluded that the speed of light is the same ¢ + v = c in this, well-characterized, instance.

regardless of the rest frame in which the light source is . ) )
) ) ) Many theories were proposed to explain this
stationary. Fresnel's demonstration of the light-drag . ] . .
) . . . discrepancy [2], many of them involving an ill-defined, but
phenomenon in refractive media a decade earlier had also i ) ;
. ) L universally pervasive, material generally referred to as an
delivered clear evidence for the constancy of light in free ) )
ether. These attempts were clearly designed to explain how
space.
P the light-speed measurements could still be consistent with

The above results were very confusing to the Galilean transformation.
contemporary physicists since they appeared to be
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Influence of the Voigt Space-time Transformation

In 1887, however, Voigt [3] proposed a different
solution to the dilemma by suggesting that the matter could
be cleared up by a simple mathematical artifice, whereby
the classical transformation would be replaced with one of
more general validity. Its main distinguishing feature is that
it allows observers in different rest frames to agree on the
value of the light speed in free space without giving away
the additivity principle of the Galilean transformation for
the speeds of objects moving at everyday velocities. The
resulting transformation, which connects the three spatial
coordinates of a given object, such as the train in the above
example, in two different rest frames (x,y,z and x',y'.z")
with the corresponding time variables t and t' is given
below:

t'=t—vecx=nlt (1a)

X' =X—vt (1b)

y =77y (1c)
7'=y7'z (1d)

In these equations, v is the relative speed of the two
rest frames moving along a mutual x,x' axis, ¢ is the speed
of light in free space (299792458 ms™), y = (1-v’c?)%> and
n=(1-vextyl,

Voigt had several guiding principles in arriving at the
above result [3,4]. First, he insisted that eq. (1b) be
identical to the classical (non-relativistic) relation that is
responsible for the example of the car and train given
above. It is given in terms of the elapsed times and
distances travelled by the train rather than the speeds
measured by the two observers mentioned explicitly in the
example. To obtain the desired light-speed constancy
relationship, which is not consistent with the classical
space-time transformation, Voigt proposed the space-time
mixing shown in eq. (1a) to replace the t=t' equation of the
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original. This is the first time on record that this concept
was ever used. It goes against the long-held view of
classical physicists that space and time are fundamentally
distinct quantities, one measured with a yard-stick and the
other with a clock.

The success with which this purely mathematical
exercise achieved its goal can be easily seen by from the
following relation obtained by summing the squares of the

four equations:
(sz + yIZ + 77 _Cztfz) — }/-z (Xz + yz + 72 _Cztz) )

It shows directly that both sides of eq. (2) have the
required value of zero if a light wave moving with speed ¢
is the object of the measurements of the two observers.

Nonetheless, from a purely physical standpoint there
is a clear deficiency in Voigt's equations, namely they are
in conflict with Galileo's Relativity Principle (RP).
Accordingly, one expects [4] that the inverse of the egs.
(la-d) can be obtained by simulating the exchange of the
positions of the two observers (Galilean inversion) . This is
done mathematically by interchanging the primed and
unprimed variables and changing the sign of v. In the case
of eq. (1c¢), this procedure leads to the following equation:
y=y'ly' (note that y (v) is unchanged by reversing the sign
of v). Inserting this value for y in eq. (1c) leads to the
nonsensical result of y'= vy!(y''y")= y2y', proving that this
equation is not consistent with the RP.

Historically, the failure of the Voigt transformation
was met with an attempt [5] to correct the problem with the
RP by simply multiplying each of its four equations on the
right-hand side by a common factor, specifically with y(v).
This change leads to the Lorentz transformation (LT),
which does indeed satisfy the RP without disturbing the
light-speed constancy characteristic of the original. It has
only been recognized in the last decade [6,7], however, that
the LT also fails to produce a physically viable set of
equations. This is because it makes two predictions [8§],
namely proportional time dilation and remote non-
simultaneity, which are mutually contradictory.

A Different Approach Using the Relativistic Velocity
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Transformation

In the following it will be shown that the Voigt
transformation can be used to obtain the true relativistic
by first
corresponding velocity transformation. This is easily done

space-time  transformation deriving  the
by dividing each of the spatial variables x', y' and Z' in egs.
(1b-d) by t' in eq. (1a). To this end is necessary to replace
the various quantities with intervals between two points,
i.e. Ax= x2-x1, Ax'= x2"-x1, etc. The corresponding velocity
components are then obtained as the ratios ux= Ax/At, ux'=
AX'/At, etc. The

transformation (RVT):

result is the relativistic velocity

= (1 = vuxe?) ' (ux - v) =1 (ux - V) (3a)
uy’ =y (1 —vuxc) T uy=nytuy (3b)
u =y (1 =vuxc?)uz=ny'u, (3c¢)

It is exactly the same as that obtained from the LT
when the analogous procedure is applied to it.

A key question is thus whether the RVT satisfies the
RP, even though the Voigt transformation does not. An
identity relating the quantities n, ' and y, which are found
in the RVT as well as the Voigt transformation itself,
proves useful in examining this possibility, namely nn'=y?
[9]. This is proven below using the respective reciprocals

of all three quantities.

M) = (1-uxve™) (1+ux've?) = ¢ (c2-uxv) (c*ux'v)
= ¢ (c*uxv) [¢* (ux-v) V]
=c2(c>-uxv)(c®uxv +uxv-v?)( c2-uxv)! 4)

=1 -vic2=y?

Note that eq. (3a) of the RVT has been used to

substitute for ux'.

With the help of eq. (4) it is easily possible to show
that the RVT satisfies the RP. The first step is to apply
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Galilean inversion to eq. (3b), using eq. (4) in the process:
s __ -1 — -1 -1
w=ny w=ny 'y u)

=nny’uw'=u (5)

thereby proving that the inverse of eq. (3b) is obtained
as a result, as required by the RP.

The analogous procedure can clearly also be used
successfully for eq. (3¢).

A different approach will be wused below to
demonstrate that the inverse of eq. (3a) is also obtained by
Galilean inversion.

Algebraic manipulation of this

equation, again using eq. (4) leads to:
w=nlud FvEnylud (MM v
=7'[ux' - v’ ux' + v (1 +ux've?)] (6)

=1"(u' +v)=ux

thereby showing that the inverse of eq. (3a) also
follows as a result of the Galilean inversion. In summary,
the RVT satisfies the RP even though the Voigt
transformation does not.

It also needs to be shown that the RVT is consistent
with the light-speed constancy requirement. Assume that
the square of the speed of a given object obtained in the
unprimed rest frame (S) is:

UX2+U.y2 Jr1.1.22 :CZ+A (7)

According to the RVT of egs. (3a-c), the

corresponding square of the speed of the same object for
the observer in S' is given by:

w2+ uy? +u?=n? [ (ux-v)? + 7% (uy T u?)]
=12 [ux? - 2uxv +v2 + (1-v2c?)(c? - u’ +A)]
=% (Q2uxv +c2 +viec2 ud) + 2 y2A
=c* (Puxv) A + vie? ud - 2unv) + Py %A

=2 (P-uxv) 2 (c*uxv)? + 2 y?A

J Sci Discov | www.e-discoverypublication.com/jsd/ 3



=4 yA (®)

Therefore, it seen that if an object is measured to have
a speed of ¢ by the observer at rest in S, so that A=0 in eq.
(7), the observer at rest in S' will also obtain the same value
of ¢, in accord with the light-speed constancy requirement.

Moreover, the relation in eq. (8) allows one to make
several other conclusions. The n*y factor on its right-hand
side is positive definite, at least as long as v<c, as will be
assumed in the following discussion. Therefore, if the
speed of the object is smaller than ¢ (A<0) for the observer
in S, the same will be true for his counterpart at rest in S'.
This result has previously been obtained in a different way
[10]. It is in agreement with the fact that many attempts
have been made experimentally to accelerate an electron to
a faster-than-c speed, but without success. If the speed of
the object is greater than in one rest frame (A>0), eq. (8)
indicates that the corresponding speed in the other rest
frame will also exceed c. Again, the same result has
previously been obtained in a different way [10].

The relation between velocity component squares in
eq. (8) does not appear to have been previously known. It
is worthwhile to use it an example to demonstrate both its
effectiveness and its compatibility with the RVT result for
the same case. Consider an object which moves along the y
axis with speed Y from the vantage point of an observer O
in the rest frame S:

ul+uy? Fult=Y = cr+ A )

Since ux=0, n =1 for use in both the RVT and eq. (8).
The corresponding sum measured by observer O' a rest in
S' is therefore obtained from the RVT to be:

u?+ uy? w2 = v+ y2Y2 = v+ Y2 - vie? Y2 (10)

According to eq. (9), the constant in eq. (8) has a
value of A = Y? - ¢% Substitution thus gives the following
result:

ux.z + uylZ + uzvz — c2 + ,Y—Z (YZ _ CZ) — Y2 _ VZC—Z Y2 + VZ

(11)
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which is the same result as obtained first in eq. (10)
using the RVT in a more conventional way, as was to be

shown.
Newton's Law of Inertia and the Space-time
Transformation

Having shown that the RVT satisfies both the RP and
the light-speed constancy requirement, attention can now
be turned to the possibility of using it to deduce a different
space-time transformation to replace both the original Voigt
transformation and the LT. This objective can be
accomplished quite easily by recalling that such equations
are meant to describe purely inertial systems, i.e. objects
moving under the absence of unbalanced external forces.
That being the case, it would seem highly plausible [11,12]
that the properties of inertial clocks remain completely
unchanged over time (Law of Causality). This conclusion
is clearly quite consistent with Newton's First Law of
Motion (Law of Inertia), which states that inertial systems
move indefinitely with constant speed and direction.
Beyond this, it needs to be recognized that the rates of two
different inertial clocks might not be the same, but in case

they do differ, at least their ratio must be constant.

Because of the above state of affairs, the ratio O of
elapsed times At and At' measured by two inertial clocks
for any event will always be constant as well, i.e.

At = AYQ (12)

This equation must also satisfy the RP, and this
requirement serves as a condition for inverting it. Applying
Galilean inversion to eq. (12) produces the following
result:

At = At/Q' (13)

Substitution for At in eq. (12) then leads to eq. (14)
below:
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At = At/QQ' (14)

On this basis, one concludes that the constant Q' must
be the reciprocal of Q in order for eq. (12) to satisfy the RP.
This is an easily understandable result since it simply
requires that the inverse ratio of the two elapsed times be
the reciprocal of the original defined in eq. (12), i.e.:

Q=1Q (15)

The concept of "space-time" has long been thought to
be essential in order to guarantee light-speed constancy, but
the truth is different. By simply multiplying each of the
three equations of the RVT with At' from eq. (12), the
result is [13-14]:

ar =t (16a)
Q
AX' = 17(AX—VAL) (16b)
Ay =Y (16¢)
7Q
Az'zﬂu (16d)
7Q

This alternative transformation satisfies both the RP
and the light-speed requirement, but nonetheless eschews
the space-time mixing which was such a departure from
in the case of both the Voigt
transformation of egs. (1a-d) and the LT. It is obtained from

classical dogma

the former by multiplying each of the right-hand sides of
its equations by nQ’!, rather than by v as in the case of the
LT. The relation corresponding to eq. (2) obtained by
summing the squares of its four variables is:

AXv2+Ayv2+AZ|2_C2At|2:n2(,YQ)—2(AXv2+Ayv2+AZv2_c2Atv2) (17)

showing that light-speed constancy is guaranteed. The
condition for satisfying the RP is:

my(QQ)=1 (18)
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which is also clearly satisfied because of eqs. (4) and
(15). The space-time transformation of eqs. (16a-d) has
been referred to as the Global Positioning System-Lorentz
Transformation (GPS-LT) because it is consistent with
procedures used in the navigation system to adjust the rates
of atomic clocks on satellites so that they are equal to those
of counterparts located on the earth's surface [13,14]. It
was first reported in 2008 for the special case with Q=1 [6].

Conclusion

The relativistic velocity transformation (RVT) is a
central component of relativity theory. It can be derived by
simple division of the variables in the Voigt transformation
of egs. (1a-d), which was introduced in 1887. It guarantees
that the speed of light in free space is the same for any two
observers independent of their relative velocity. It also
satisfies the RP, as shown by the fact that its inverse can be
obtained by Galilean inversion, ie. the mathematical
procedure that simulates the exchange of roles of the two
rest frames which are represented in the transformation by
interchanging their variables and reversing the sign of their
relative speed v.

It is an important fact that the relationship between the
associated space and time variables does not need to be
specified in order to derive the RVT. To proceed further, it
becomes necessary to determine this relationship between
space and time. As has been shown, a straightforward
means of accomplishing this objective is simply to
recognize that the RVT deals with inertial systems, i.e.
systems that are moving under the complete absence of
unbalanced external forces. It is therefore reasonable to
assume that the rates of clocks used to measure the elapsed
times needed to specify the velocity components required
in the RVT should have perfectly constant rates. This
assumption relies on Newton's Law of Inertia on the hand,
and on the Law of Causality on the other. The conclusion is
that elapsed times in the two rest frames must be related by
eq. (12), in which the variable Q is a constant ratio. It is
then easy to show that the space-time transformation of
eqs. (16a-d) which results from combining the clock-rate
proportionality of eq. (12) with the RVT satisfies both the
RP and the light-speed constancy requirement. It is referred
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Global
Transformation (GPS-LT) because of its relevance to

to as the Positioning ~ System-Lorentz

timing procedures employed in this navigation method. It
has the distinct advantage of being internally consistent,
unlike both the LT and the earlier Voigt transformation.
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